Superheavy nuclei and elements / Nuclear mass / α-Decay energy / α-Decay half-life / Single-particle spectra / α-Decay chains Summary. A short review of the studies of superheavy nuclei (SHN), done recently in our theoretical group of Warsaw, is presented. Main attention is given to description of the properties of SHN. The description is performed by macroscopic-microscopic methods. Such properties as mass, α-decay energy and α-decay half-life are considered. Special attention is devoted to the analysis of the half-life. Although mainly treated in a phenomenological way, the role of the microscopic structure of a nucleus in this quantity is tested. It is found that this structure may significantly change the half-life of nuclei with the odd nucleon (or nucleons).
Introduction
A quite large amount of experimental data on the properties of superheavy nuclei (SHN) has been already collected (e.g. [1] [2] [3] [4] [5] [6] [7] [8] ). An important part of these data was obtained by chemists (e.g. [9] [10] [11] [12] [13] [14] [15] [16] [17] ). This is because to study chemical properties of superheavy elements (SHE), one needs first to synthesize them and the latter is done by physical methods and brings a knowledge of physical properties of nuclei of these elements. One cannot separate the efforts of these two groups of scientists closely cooperating with each other in the studies of superheavy nuclei and elements.
The experimental research has been accompanied by the theoretical one, done by both more traditional macroscopicmicroscopic methods (e.g. [18] [19] [20] [21] [22] [23] ) and more recent purely microscopic ones (e.g. [24] [25] [26] [27] [28] [29] [30] ). The latter represent selfconsistent calculations of the Hartree-Fock type with the use of effective density-dependent interactions of both zero (Skyrme) and finite (Gogny) range, and also the relativistic mean field approach.
The objective of this paper is to make a short review of the studies performed in recent years by our theoretical group in Warsaw. We concentrate here on the description of the properties of SHN. Such properties as mass, α-decay energy and α-decay half-life are considered. The concentration on the α decay is natural as most of our knowledge on SHN has just come from the study of this process. Our theoretical studies have been performed by macroscopic-*E-mail: adam.sobiczewski@fuw.edu.pl. microscopic methods. Much attention is given to the analysis of the α-decay genetic chains.
We do not include to the review our research on the fission-barrier heights, to which we devoted much time in recent years (e.g. Refs. [31] [32] [33] [34] ) and which are important in the calculations of the cross sections for the synthesis of SHN.
Method of the analysis
As already stated in Sect. 1, a macroscopic-microscopic (macro-micro) approach is used in the reviewed papers. The energy (mass) of a nucleus is composed in this approach of two parts: the macroscopic part and the microscopic one. The macroscopic part smoothly depends on the proton Z and neutron N numbers, and on the deformation of a nucleus. It is usually described by such models as the liquiddrop one (e.g. [18, 22] ) or some improvements of it (e.g. the Yukawa-plus-exponential model [35] ). The microscopic part describes effects of the shell structure of a nucleus and is a rather fast fluctuating function of Z, N and deformation of it. This part usually bases on a realistic single-particle nuclear potential (most often the Woods-Saxon potential) and is constructed from the single-particle energy spectra by the Strutinski procedure [36] .
In our studies, the Yukawa-plus-exponential model [35] is taken for the macroscopic part of the energy and the Strutinski shell correction, based on the Woods-Saxon singleparticle potential [37] , is used as the microscopic part. The short-range pairing interaction, with the strength adjusted [38] to masses of heavy nuclei, is treated within the BCS approximation.
As most of superheavy nuclei are expected to be deformed, it is important to describe their deformation as accurately as possible. This means that one should give to a nucleus a sufficient freedom to deform as it likes. In the mathematical language, this means that one should analyze its properties in a sufficiently large deformation space.
In the ground state, the shapes of heaviest nuclei are found to be axially symmetric [39] . Thus, they can be described by the usual deformation parameters β λ , appearing in the following expression for nuclear radius (in the intrinsic frame of reference) in terms of spherical harmonics Y λ0 (θ),
where the dependence of R 0 on the deformation is determined by the volume-conservation condition.
A macro-micro analysis of the equilibrium deformations [40] and the shell structure [41] has shown that it is sufficient to consider the multipolarities up to λ = 8. The contribution of λ = 9 and 10 is already negligible. The odd multipolarities λ = 3, 5, 7 contribute only to the deformations of light isotopes of elements around radium [40] . Thus, the 4-dimensional deformation space {β λ }, λ = 2, 4, 6, 8, has been found to be sufficient for almost all nuclei in the considered region of heaviest nuclei, in which we are usually interested, in particular for all superheavy nuclei [42] .
Calculated properties of SHN

Mass
Mass is a basic property of a nucleus and it should be described as accurately as possible. Figs. 1 and 2 [43] show the difference between calculated and experimental masses of nuclei with Z = 84-108. A large, 7-dimensional deformation space {β λ }, λ = 2, 3, ..., 8, has been used in the calculations. This is because relatively light nuclei (starting from polonium, Z = 84) appear in the region, for which the odd-multipolarity deformations, λ = 3, 5, 7, play a role, as mentioned already above. One can see that the discrepancy between the calculated mass M th and the experimental one M exp is roughly contained within the range of about ±0.5 MeV. Calculated masses show a very good isotopic dependence. This is especially well seen in the long chain of It is interesting to compare the accuracies of description of masses of heaviest nuclei reached within various approaches. Fig. 3 [44] shows the differences M th − M exp obtained with the use of a semi-empirical (SE), two macro-micro (HN and TF) and purely microscopic (HF) approaches. The SE description [45] uses a shell model with 15 adjustable parameters, specially adapted to describe masses of nuclei with proton number contained between known magic number Z = 82 and the assumed one Z = 126, and with neutron number contained between known magic number N = 126 and the assumed one N = 184. The macromicro approach HN (Heavy Nuclei) is the model of the work [38] , the same with which the calculated masses of Figs. 1 and 2 were obtained. The TF theory is of the macro-micro model type [46] , in which the macroscopic part of mass was obtained with the use of the Thomas-Fermi approximation. Finally, the microscopic model HF is the Hartree-Fock-BCS approach [47] , in which a 10-parameter Skyrme effective interaction has been used to obtain the mean field and a 4-parameter δ-function has been taken to describe the pairing interaction. Experimental masses used in Figs. 1-3 have been taken from [48] . One can see in Fig. 3 that the discrepancy between theoretical and experi- To have a quantitative comparison between the discussed approaches for a large number of heavy nuclei, the rms values of the discrepancies, obtained with them, have been calculated. Here, 238 nuclei (with well determined experimental masses [48] ) from the region of heaviest nuclei with Z ≥ 84 and N ≥ 126 have been taken into account. The results are given in Table 1 [44] .
In the table, besides the four discussed models, the Finite-Range Liquid Drop Model (FRLDM) of [49] has been also included into the comparison. This is a macro-micro model, similarly as are the HN and TF models. One can see in the table that the smallest discrepancies are obtained for the SE and HN models. This is probably due to special adaptation of them to description of heaviest nuclei, while the others are adapted to describe masses of all nuclides with measured mass.
α-Decay energy
α-decay energy Q α is one of a few quantities which are directly measured for superheavy nuclei. It is usually measured with a good accuracy and its value is very characteristic for a nucleus and, thus, important for the identification of it. Because of this, it is also of importance to accurately describe it theoretically.
Figs. 4-6, taken from Ref. [50] , illustrate the quality of theoretical values Q is contained within the range of ±0.5 MeV for almost all of the nuclei. Only for some isotopes of the elements with Z = 84-92, calculated Q α , is smaller than measured one by more than 0.5 MeV.
(2) Theoretical description of Q α is better for heavier nuclei than for lighter ones. Probably one can state a more general rule that better description is obtained for better deformed (i.e. with larger deformation energy) nuclei. In other words, more distant is a nucleus from (spherical) magic numbers, better is the description of Q α . (3) Calculated Q α show a good isotopic dependence. This is especially well seen in a long chain of Q α of well deformed plutonium nuclei. (4) Decay energies Q α of odd-A and odd-odd nuclei, in the calculations of which no additional adjustable parameters have been used, are reproduced similarly well as those of even-even nuclei. Fig. 6 shows that the discrepancy between the theoretical and experimental values of Q α of nuclei with Z = 101-108 is contained within ±0.5 MeV for three of the four considered models. Only for the HF approach, it is larger (up to about 1 MeV). The best agreement is obtained within the HN approach.
α-Decay half-life
The second quantity measured in α decay is half-life. Theoretically, this quantity is usually described with the use of phenomenological formulae (e.g. [51] [52] [53] [54] ). Especially frequently used is the formula by Viola and Seaborg [51] : where Z is proton number, N is neutron number and The original values of the 7 parameters of the formula are not used presently, as they were fitted to a rather poor data available at that time. The main four parameters of them:
which were fitted much later [55] to the data of even-even nuclei, are used quite often. Recently, a modification [56] of the Viola-Seaborg (V-S) model has been proposed. It introduces two changes. One is the reduction of the number of the parameters describing e-e nuclei from four to three. The other is a physical interpretation of the hindrance due to the odd nucleon (or nucleons), described in the V-S formula, Eq. (2), by the parameters h i . Namely, a rather natural assumption is made that the most probable transition (determining the half-life) occurs between states with the same structure (the same quantum numbers). As, however, the structure of the ground state of the parent and the daughter nuclei usually differs, the transition goes between excited states of these nuclei. The transition energy Q t α differs then from the α-decay energy Q α (the g.s. to g.s. transition, where g.s. denotes the ground state). Thus, the transition energy is
where E p and E d are the excitation energies of the singleparticle states in the parent and the daughter nuclei, respectively.
As the transition usually starts from the ground state of the parent nucleus, the transition energy may be written as
One should remember, however, that the excitation of the parent nucleus may also contribute to δE (in the case of existence of an excited isomeric state of it). Finally, the new phenomenological formula for the halflife T α proposed in Ref. [56] is:
The adjustment of its parameters to experimental data, performed in Ref. [56] , has resulted in the values:
where E p and E n are the average values of the excitation energies of the daughter nuclei with odd proton and odd neutron, E p and E n , respectively, used in the fitting procedure of Ref. [56] .
Comparison between the two formulae
It is interesting to compare the qualities of the original V-S formula of Ref. [51] and the new one of Ref. [56] . To this aim, the V-S parameters have been adjusted to exactly the same data as used for the parameters of the new formula, and descriptions of T exp α by the two models have been compared for four classes of nuclei: e-e, o-e, e-o and o-o. Here, e.g. o-e denotes odd-Z, even-N nuclei. The results are given in Table 2 for the V-S model and in Table 3 for the new one. The first column of each table specifies the class of nuclei, the second gives the number of nuclei n (with measured both 
rms is the root-mean-square value of these discrepancies, h is the average value of h i for each group and n p is the number of adjustable parameters for each group. When comparing the tables, one can see that the new formula better describes nuclei with odd nucleons and about equally well the e-e ones. The latter means that, as a matter of fact, four parameters are not needed in the V-S model for description of e-e nuclei. Three of them would be sufficient.
Predictive power of the described data and formalism
It was interesting to learn how useful could be the calculated Q α and the new formula for T α to predict the results of future experiments. The test was done for the decay chains of two isotopes of the element 117, planned to be synthesized in Dubna. The predictions, performed for the decay chains of 293 117 and 294 117, have been presented in Ref. [57] . The results of experiment, obtained later, have been given in Ref. [58] . Table 4 shows the results for Q α is 0.28 MeV, when one takes into account all four measured values. Measured T α are larger than the predicted ones by up to a factor of 6.5. The averaged value of this ratio for the three decays is 3.3. Thus, the half-lives have been predicted correctly within the average factor of about 3, which seems to be a quite good result. Fig. 7 , taken from Ref. [57] , illustrates the dependence of measured and predicted values of T α on the neutron number N for odd-odd nuclei of the elements with Z = 107-117. It is seen that the isotope with N = 173 of the element 113 is the first one among the odd-odd isotopes of this element, for which T α was predicted to be larger than 1 s. For all isotopes studied experimentally before this prediction, T α was smaller than 1 s. The figure suggests that one needs isotopes with N larger than 175 and 177 to reach T α > 1 s for the odd-odd nuclei of the elements 115 and 117, respectively, or larger than 174 and 176 for odd-even isotopes of these elements, as suggested by Table 4 .
One could see in this subsection that the parametrization of the odd-nucleon effects (excitation energy of the daughter nucleus), used in the new phenomenological formula [56] , gives rather good predictive power to it in description of individual decay chains, even in the case when these parameters are averaged over decays of many nuclei.
However, the really important advantage of the formula is the possibility to use our knowledge of the single-particle structure (single-particle spectrum) of nuclei to calculate these parameters for each individual decay. Such individual, microscopic treatment is very important for superheavy nuclei. It is because the shell structure, the basic property of a superheavy nucleus, is a very individual property of it as it fast changes from one nucleus to another. Some problem, however, is with the accuracy of the calculated spectra, as will be illustrated in the next subsection.
Single-particle properties
There are intensive studies of the single-particle properties of heaviest nuclei, both experimental (e.g. [59] [60] [61] [62] [63] [64] [65] [66] [67] and theoretical ones (e.g. [29, 56, [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] ). For SHN, this is almost exclusively the α spectroscopy. The γ spectroscopy is limited presently to only lighter nuclei, up to about those of lawrencium. The results of the experimental studies supply us with a very subtle and important tests for theoretical models.
An example of such a test is given in Fig. 8 . The figure shows a comparison between theoretical and experimental excitation energies of proton single-particle states obtained for the nucleus 241 Am. (In this figure, similar to a number of other figures in this article, we give the spin projection Ω of a state on the symmetry axis multiplied by 2: 2Ω, instead of Ω, for simplicity of notation). Theoretical excitation energies are obtained in the one-quasiparticle approximation, i.e. as E μ = (e μ − λ) 2 + Δ 2 , where e μ is the energy of the odd nucleon in the state |μ , λ is the Fermi energy, and Δ is the pairing-energy gap parameter, calculated in the BCS approach.
One can see that the observed ground state is reproduced by the calculations. Also the sequence in energy of the observed states is reproduced. The average of absolute values Fig. 8 . Comparison between theoretical and experimental excitation energies of the proton single-particle states of the nucleus 241 Am. The calculated proton pairing-energy gap parameter Δ p is also given. Quantum numbers 2Ω and π (parity) are given at each energy level, and usual Nilsson labels [Nn z Λ] are also shown at each calculated level (see text) [74] . Fig. 9 . Same as in Fig. 8 , but for the neutron single-particle spectrum of the nucleus 251 Cf [79] .
of the discrepancies δE μ ≡ E th μ − E exp μ for four observed excited states is 108 keV and rms of these values is 150 keV. The difference between the average and rms values of |δE μ | characterizes the non-uniformity of the distribution of these quantities. One can see in Fig. 8 that this non-uniformity is rather large.
A comparison between calculated and experimental single-particle spectra of an odd-A nucleus with odd number of neutrons is illustrated in Fig. 9 [79] for the nucleus 251 Cf. One can see that, again, the ground state is reproduced. The sequence in energy of the states is pretty well reproduced. The average of absolute values of the discrepancies δE μ is 73 keV for six lowest levels known experimentally and rms of these values is 90 keV. The absolute value of the discrepancy δE μ changes from about zero up to about 130 keV, for these six states.
The analysis of more data shows that, generally, higher is the excited state, smaller is the accuracy of its theoretical description, as one could expect. [43, 81] , are also given [79] .
α-Decay chains
Almost the whole experimental knowledge of SHN, gained up to the present day, is deduced from the observed α-decay genetic chains. Most of the chains belong to odd-A nuclei. Two important quantities are measured: α-transition energy Q t α and the corresponding half-life T α . Also important information is the length of the chain which is usually ended by spontaneous fission giving us the half-life of the last nucleus in the chain, with respect to this process.
Theoretical description of the α-transition energies and half-lives have been undertaken in many papers (e.g. Refs. [43, 56, 68, 72, 73, 76, [80] [81] [82] ). In the analysis of the decay chains, however, effects of the single-particle structure of the nuclei have been usually disregarded. As a rule, transition from the ground state (g.s.) of a parent nucleus to the ground state of the daughter nucleus has been considered, disregarding the transition to an excited state and, thus, also the competition between α-and γ -transitions in the decay of this state. The consideration of the transition to excited states (e.g. [72] ) was rather seldom.
Description of the decay chains, when the average excitation energy of the daughter nucleus was used, was shown in Subsect. 3.4 for two chains. In this subsection, the description using excitation spectra calculated individually for each nucleus in a chain will be illustrated. Fig. 10 , taken from Ref. [79] , shows spectra of lowest energy levels of nuclei appearing in the α-decay chain of the nucleus 271 Ds. The spectra, calculated in [77] , are given as a help to interpret the observed [1, 83] α-transition energies in this chain, i.e. to specify between which states of consecutive nuclei the transition occurs. A general assumption is that the α transitions occur between the states with the same structure (the same quantum numbers). If a transition to an excited state takes place, the most probable γ decay to a lower state is assumed to occur before the next α transition. Even with these assumptions, however, a number of differ- Fig. 11 . Same as in Fig. 10 , but for the decay chain of the nucleus 269 Ds [80] . ent interpretations are possible. We show in the figure one of them, which seems to be the most probable.
According to it, the first transition starts from the g.s. (4)), i.e. the difference between the transition and the decay (g.s. to g.s.) energies, is individual for each transition. It may be positive or negative. The correction δE = − 0.06 MeV, appearing for the decay of 267 Hs to 263 Sg, is the largest (in the absolute value) for the considered chain.
Such microscopic description of the considered chain reproduces the measured transition energies Q t,exp α with the average of the absolute value of discrepancy equal to 170 keV and the half-lives T exp α , with the average ratio equal to 3.8.
Concerning Fig. 10 , one should say that it is drawn in an unconventional way. Ground states of all nuclei of the chain are put here on the same level. This has a number of advantages. Main of them is that one can directly read from the scale of the ordinate axis the excitation energy of the singleparticle states of all nuclei of the chain and directly compare spectrum of each of them with that of another nucleus. Also, one can directly see if the α-transition energy is decreased (the arrow going up) or increased (the arrow going down) with respect to the α-decay (g.s. to g.s.) energy. Fig. 11 , taken from Ref. [80] , illustrates the description of a long chain (6 α particles) observed for the nucleus 269 Ds.
According to the theoretical description, the first α transition in Fig. 11 One can see in the figure that the effects of the odd neutron are large. The effect is especially large in the decay of 257 Rf , where it changes the transition energy by δE = − 0.79 MeV with respect to the decay energy Q α .
The theoretical description reproduces the measured transition energies of this long chain with the average of the absolute value of the discrepancy δQ t α equal to 220 keV and the half-lives T α within the average factor 4.1. One can add that the absolute value of each individual discrepancy δQ 
Conclusions
The following conclusions may be drawn from the described studies:
(1) Among five considered approaches, the best description of mass M of heavy nuclei is obtained for the semiempirical model (denoted by SE in the text) and for the macroscopic-microscopic model (denoted by HN). The models are specially adapted to a large region of heavy nuclei (all nuclei with proton number Z ≥ 82 and neutron number N ≥ 126). (2) The same concerns α-decay energy Q α .
(3) The α-decay half-life T α is usually described by phenomenological models. The Viola-Seaborg (V-S) formula with seven adjustable parameters is most often used (with the values of the parameters, however, adjusted to more recent data). (4) A new phenomenological model, proposed recently, is a modification of the V-S model and has five parameters. Although with a smaller number of parameters, it better describes T α of odd-even, even-odd and odd-odd nuclei than the V-S formula. Half-lives of even-even nuclei are described by both models with about the same accuracy. The additional advantage of the new model is the possibility to use individual, microscopically calculated single-particle spectra of nuclei in description of the α-decay chains. (5) The main source of the inaccuracy of description of T α is the inaccuracy of Q α . T α calculated with the use of experimental Q α is quite accurate. This means that the phenomenological models, especially the new one, are quite accurate.
